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The f i r s t  s tudies on the s tabi l i ty  of nonsta t ionary  mot ions  of a liquid with a f r ee  boundary 
were  published re la t ive ly  recen t ly  [1-4]. Invest igat ions  were  conducted concerning the s tab-  
ility of flow in a spher i ca l  cavi ty  [1, 2], a spher ica l  shell  [3], a s t r ip ,  and an annulus of an 
ideal liquid. In these  s tudies  both the fundamental  motion and the per tu rbed  motion were  a s -  
sumed to be potential  flow. Changing to Lagrangian  coordina tes  cons iderably  s impl i f ied  the 
solution of the problem.  Ovsyannikov [5], using Lagrangian  coordinates ,  obtained equations 
for smal l  potential  per turba t ions  of an a r b i t r a r y  potential  flow. The resu l t ing  equations were  
used for  so lv ing typical  examples  which showed the deg ree  of difficulty involved in the inves-  
t igation of the stabil i ty of nonsta t ionary  motions [5-8]. In all  of these  studies the s tabi l i ty  
was cha r ac t e r i z ed  by the deviation of the f ree  boundary f r o m  its unper turbed  state,  i .e. ,  by 
the no rm a l  component  of the per turba t ion  vec tor .  In the p r e sen t  study we obtain genera l  
equations for smal l  pe r tu rba t ions  of the nonsta t ionary  flow of a liquid with a f ree  boundary 
in Lagrangian  coordinates .  We find a s imple  express ion  for the no rma l  component  of the 
per turba t ion  vector .  In the case  of potential  m a s s  fo rces  the resu l t ing  s y s t e m  reduces  to a 
single equation for some s ca l a r  function with an evolut ionary condition on the f ree  boundary.  
We prove  an exis tence  and uniqueness t heo rem for the solution, and, in pa r t i cu la r ,  we an- 
swer  the question of whether  the l inear  p rob lem concerning smal l  potential  per tu rba t ions  
which was formula ted  in [5] is c o r r e c t .  We invest igate  two examples  for s tabil i ty:  a) the 
s t re tch ing  of a s t r ip  and b) the c o m p r e s s i o n  of a c i r cu l a r  cyl inder  with the condition that  the 
initial  per turbat ion  is not of potential  type.  

1. F O R M U L A T I O N  O F  T H E  P R O B L E M  W I T H  A F R E E  B O U N D A R Y  

The genera l  p rob lem with a f ree  boundary is formula ted  as  follows: a t  the initial instant of t ime  we 
a re  given a reg ion  fl and a veloci ty  field ~lt=0 = u0(x), divu0=0 , x ~ 9 . .  and for t > 0 we t ry  to find the region 
~2(t) and de te rmine  the functions u (x, t), p (x, t) which sat is fy  the Euler  equations 

0U~A- ~ t ' '  u ~ u = - - V p + g ,  d i v u = O  (1.1) 

in fl(t) and sa t i s fy  the conditions 

dJF 
Plr,,t) = O, - 5  r(t) = 0 

on the f ree  boundary.  He re  F (x, t) = 0 is the equation of the f ree  boundary F(t); g is the m a s s  force  vector .  

We introduce the Lagrangian  coordina tes  ~ = (~, ~?, ~) by means  of the equations 

dx 
d--/=u(x ' t ) '  xlt=0=-~, ~ .  
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If the function x = x (~, t) is known, then the velocity vector  can be found by simply differentiating with 
respec t  to t, and the p res su re  p can be found by integrating the f i rs t  of the equations in (1.1). The region 
f~(t) is found to be the image of the region ~ under the mapping ~ --* x = x (~, t), and therefore ,  the problem 
of the motion of a liquid with a f r e e  boundary can be regarded  as the problem of finding the mapping x---- 
x(~, t), ~ ~ in the fixed region f~. 

Ovsyannikov showed that the problem of finding the mapping x = x (~, t), equivalent to the problem of 
the motion of a liquid with a free boundary, has in Lagrangian coordinates the form [5] 

div M-:xt =0; (1.2) 
Q~ : M*(xtt -- g)+vp =0; (1.3) 

F: M*(xtt - -  g). x=O; (1.4) 

x = L  ) t=O. 
xt =uo(~),divuo=O 

(i.5) 

(1.6) 

Here M is the Jacobi matr ix  of the mapping ~ x; M - i ,  M* -* a re  ma t r i ces  which are ,  respect ively ,  
the inverse  and the t ranspose of this matrix;  ~" is any displacement along the boundary F; all the opera tors  
are  taken with respec t  to the Lagrangian coordinates.  

2.  E Q U A T I O N S  F O R  S M A L L  P E R T U R B A T I O N S  

Suppose that we know some solution of the problem (1.2)-(1.6) with the initial function u0, which we 
shall call the fundamental solution. Consider another solution in the same region ~ but with a changed ini- 
tial function 

~,(l) =t~o(~) + v(~). (2.i) 

This solution is called the per turbed solution, and the function v is called the initial perturbation. If the 
per turbed solution is described by the funct ionx,  then the difference x - x  can be called the perturbation of 
the fundamental solution x. Assuming that the initial disturbance v is small,  we can hope that the per tu rba-  
tions will be small  for at least  a bounded interval of time, and we can proceed to study the evolution of 
small  perturbations in the linear approximation. 

We set 'x  = x + X and denote by N the d i f f e r e n c e / ~ - M  of the Jacobi mat r ices  corresponding to the 
perturbed and fundamental solutions; then 

~ x  M = M +  N, IN=o.--~. 

We consider  Eq. (1.2) for the perturbed solution 

div M - i  xt=O. 

According to [5], in the linear approximation we obtain 

div M - i  X =  O. (2.2) 

We now turn to the t ransformed equation (1.3). For  the per turbed solution we have 

-  )+vp =0,  

where 

lvg x + p ,  s  

Making use of the identity V(g. X) = V(g)X + N* g, 
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2~* (~. -~) + v~ = M *  ( x .  - -  g) + 7 p + M * X .  - -  :lfT, X + ~.:i[(x,,  - -  g + M * - ~  7 p ) - X l  - -  A X  + . V P ,  

A = M* a (g) 'a (g)~* o (x) - ~ , , ~ ]  

in the  l i n e a r  a p p r o x i m a t i o n .  T a k i n g  a c c o u n t  of the  fac t  tha t  in the  f u n d a m e n t a l  m o t i o n  (1.3) is  s a t i s f i e d ,  we 
a r r i v e  a t  the  r e l a t i o n  

. , l t * X , t  - -  [ M u  ~ A]  X ---- - -  U P .  (2.3) 

On the f r e e  b o u n d a r y ,  cond i t i on  (1.4) r e d u c e s  to t h e  fo l lowing:  

V(P+M*-Ivp.X) i .~- - - -O , 

i . e . ,  on the  b o u n d a r y  F the quan t i ty  P + M* - I  A p .  X h a s  a c o n s t a n t  va lue ,  which m a y  be a func t ion  of t i m e  t .  
H e n c e  

(P+M*- Ivp .X ) ] r  = 0 .  (2.4) 

Equa t ion  (2.4) a l so  fo l lows  f r o m  the  c ond i t i ons  p ] F  = 0, p] F = 0. 

To t h e s e  equa t ions  we m u s t  add  the i n i t i a l  c o n d i t i o n s  for  t = 0, which  fo l low f r o m  the fac t  tha t  both 
s o l u t i o n s ,  the  f u n d a m e n t a l  so lu t i on  and the  p e r t u r b e d  so lu t ion ,  s a t i s f y  the  s a m e  i n i t i a l  cond i t i on  (1.5) and  
a l s o  s a t i s f y  t he  cond i t ion  (2.1),  a s  a r e s u l t  of  which  

Xlt=0 =0 ,  X~[~=0---v, div v-=0. (2.5) 

E q u a t i o n s  (2.2)-(2.4)  d e s c r i b e  the  evo lu t ion  of s m a l l  p e r t u r b a t i o n s  with the  i n i t i a l  c o n d i t i o n s  (2.5).  

F o r  our  f u r t h e r  t r a n s f o r m a t i o n s ,  we a s s u m e  tha t  A = 0 and we i n t r o d u c e  a new funct ion  r by  m e a n s  
of the  equa t ion  

CP t = - p .  

It can be seen that the condition A = 0 is necessary and sufficient to make the vector of mass forces 
a potential vector in the space of the point (x) : g = Vx h. 

For A = 0, Eq. (2.3) has the general solution 

i 

X = V S V - i M * - i  ( 7 ~  + v) dr, (2.6) 
0 

w h e r e  V is  the  f u n d a m e n t a l  m a t r i x  of the  c o r r e s p o n d i n g  h o m o g e n e o u s  equa t ion  

Vt = M*- iM~V,  Vl~=o = E. (2.7) 

F r o m  Eq. (1.4) i t  f o l l ows  tha t  

M;  ----- M* ( a(u)~* \ 0(x)/ ' 

and  t h e r e f o r e  we can  s i m p l i f y  the  equa t ion  for  V and g ive  i t  the  f o r m  

_ { 0(.)~* 
Vt -- ~ O(x)] V, V}t=0 = E. (2.8) 

F r o m  (2.8) i t  fo l lows  tha t  if  the  f u n d a m e n t a l  m o t i o n  i s  of p o t e n t i a l  t ype ,  the  m a t r i x  V wi l l  c o i n c i d e  with  the  
m a t r i x  M (M - V), and the iden t i t y  for  such m o t i o n s  tha t  was  no ted  in [5] fo l lows  f r o m  (2.7). 
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Since  the  cond i t ion  p = 0 is  s a t i s f i e d  on the b o u n d a r y  (the b o u n d a r y  is  f r ee ) ,  the  g r a d i e n t  of the  p r e s -  
s u r e  is  d i r e c t e d  a long  the n o r m a l  to F ,  i . e . ,  

Op ] 
T Plr = ~ l r  n. 

Substituting the vector  X into (2.2), (2.4) and making use of the resu l t ing  equations,  we a r r i v e  at the 
prob lem of the evolution of smal l  per turba t ions  of an a r b i t r a r y  fundamental  motion of a liquid with a f ree  
b o u n d a r y ,  which t a k e s  p l a c e  unde r  the a c t i o n  of a s m a l l  p e r t u r b a t i o n  of the  i n i t i a l  func t ion  (2.1): 

.f V - i M * - I  (Trip + v)dt ~- 0; (2.9) 
0 

t 

_ op S V-tM*-I (70P + ~) dr; (2.10) P : r - -  an n ' M - i V  
0 

t=0 :ep=0 .  (2.11) 

We a s s u m e  tha t  Op/On:~O, (~ E r , t ~ [ 0  , T l , t h e n  f r o m  (2.9), (2.10) we ob t a in  the  equa t ion  

I (oP~ -~ r  -= O, (2.12) 
r 

which i s  v a l i d  for  any so lu t ion  of  the  p r o b l e m  (2 .9) - (2 .11) .  

In wha t  fo l lows  we s h a l l  a s s u m e  e v e r y w h e r e  tha t  Op/On -< - d  < 0 wi th  c o n s t a n t  d > 0. F o r  po t en t i a l  
m o t i o n s  of  a l iqu id  in the a b s e n c e  of  m a s s  f o r c e s  th i s  i nequa l i t y  is  a l w a y s  va l id  [5] and  m e a n s  p h y s i c a l l y  
tha t  the  a c c e l e r a t i o n  of the  p a r t i c l e s  on the  b o u n d a r y  r(t) i s  d i r e c t e d  t o w a r d  the  i n t e r i o r  of the  l iqu id .  

I f  we a s s u m e  tha t  the  m a s s  f o r c e s  a r e  of po t en t i a l  t ype ,  then  t h e r e  e x i s t s  a W e b e r  i n t e g r a l  of  the  
E u l e r  equa t i ons  [11] 

/ M * x t  = Vq: + Uo, 

O : |div M - i M  *-~ (Vq~ + 1Io) = 0; 

r ,  qt = + [ M * - t  (Vff + Uo)l 2 + h; 

x = ~, ~ = 0, 

t = 0 : [xt = Uo, div tt o = 0. 

If  for  the  p e r t u r b e d  so lu t ion  we se t  

~ = ~ + x ~ . X + * ,  x = x  + X ,  

we can  show tha t  the  funct ion �9 s a t i s f i e s  (2 .9)- (2 .11) .  If we do not  a s s u m e  tha t  the  v e c t o r  g i s  a p o t e n t i a l  
v e c t o r ,  then  we m u s t  m a k e  use  of Eqs .  (2 .2)- (2 .5) .  

3 .  E X I S T E N C E  A N D  U N I Q U E N E S S  T H E O R E M  

Suppose  tha t  the fundamen ta l  so lu t i on  i s  def ined  in the  r e g i o n  ~2 with  a b o u n d a r y  of c l a s s  C 2 and b e l o n g s  
to  the  c l a s s  C 3 in the  c y l i n d e r  D = [0, T] • -~. 

D i f f e r e n t i a t i n g  Eqs .  (2.9), (2.10) once  with r e s p e c t  to  t i m e ,  we ob ta in  

, ) 
- - d i v M - t M  * - t  " ~ = d i v  q - - B  ! V - i 3 l  * - i T d p d t  =/(r ~-C 9.; (3.1) 
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' t ~)dt') 
( a ( 1 ) t ) t + n . M - I M  * - t U : ( I 3 = - n ' ( q - } - B ~ I I ' - ~ M  *- I  U ~h(qb), ~ r ,  

0 

(3.2) 

where  we use  the notation 

t!v '.~'*-~,~t] ) q = M - I M  * - I  -~ B v, B = ( M - ' V  , 
0 

( ~1-' a == ~ On/ ~ ao > 0 "  

Suppose that it, lI+, r, 11, II0,r, lI, lt0,a, ll, ll~,~ a re ,  respqc t ive ly ,  the n o r m s  in the spaces  W12/2(F), L 2 (Y), 
L 2 (~2), W~ (~2); I is an a r b i t r a r y  e lement  of the space W~/2(F). 

LEMMA. For  any /~W~/"-(F) the re  ex i s t s  a unique solution of the prob lem 

for  which 

/ --div M -~ M*-lvcl)=f((1)), ~ . o . ,  

i ~ l~=Z,  ~ r ,  

r ~ L: (i0, Tl; W~(Q)). 

(3.3) 

(The definition of the spaces  LP ([0, T]; H), 0 < p -< ~ and of de r iva t ives  with r e s p e c t  to t in these  spaces  
is given in [10].) 

The proof  of the l e m m a  will be given af ter  the proof  of the exis tence  theo rem.  If the l e m m a  is ~ u e ,  
then accord ing  to [10] we can define the der iva t ive  along the conorma l  as  an e lement  of the space W~-2 tt 2(F) -" 
8 /0v  = n .  M-IM * -IV.  We define the ope ra to r  K, which sa t i s f ies  with the function ~ E W,~/2(F) an e lement  
KSEW~-t/2(F) accord ing  to the following rule :  for the function SEWz t/2 (F) we find the solution of th 9 p rob-  
l em (3.3) and then calcula te  t ( ~ ; = n . M 1 - M * - I U ~ .  F r o m  the definition it follows that K acts  f r o m  w~/2(r) 
into W~/2 (F). 

We set  �9 (t) I r = $ (t); then 

ar (t) = K (t) tp (t), 
av 

and, consequently,  the p rob lem (3.1), (3.2) r educes  to the Cauchy p rob lem for  an in tegrodif ferent ia l  equation 
with an unbounded opera to r  in Hi lber t  space for the function ~ on the f r ee  boundary F, namely ,  

,~-t a + K (t) r = h (4); (3.4) 

dr ~ = : ~ 7 = 0  for t = 0 ,  

To find the function ~ ,  all  we need now to do is solve the Dir ichle t  p rob lem 

THEOREM. If 
lem (3.4), (3.5) when 

--div M - ~ M  * - t ~ = / ( q b ) ,  ~__.Q; 

dP(~,t) =~l~(~,t), ~ F .  

v~L-'(.q), then the re  ex i s t s  a solution, and, in fact ,  a unique solution, of the p rob-  

(3.5) 

hP ~ L e ([0, T]; '" ' �9 IV._,,- (F), 
[~2' ~ L2([ f), T]; L2 (F)), 

where  the p r i m e  denotes different iat ion with r e s p e c t  to t. 

(3.6) 
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We use  the Ga le rk in  me thod  to p r o v e  th i s .  
the a p r i o r i  e s t i m a t e  

The  fundamen ta l  f e a t u r e  of the p roof  is  the  d e r i v a t i o n  of 

. . . .  '~ I' t ; ,2  iq~(t),u ~l~P (t)ii0,r'~ const, (3.7) 

in which the cons tan t  depends  only on the r e g i o n  ~ and the fundamen ta l  solut ion.  

In o r d e r  to d e r i v e  the a p r i o r i  e s t i m a t e  (3.7), we a s s u m e  that  in addi t ion to the inc lus ion  (3.6), ano the r  
condi t ion is  a l so  sa t i s f ied :  the funct ion (aS ' )  ~ is s q u a r e  s u m m a b l e  with r e s p e c t  to t in [0, T].  

We mul t ip ly  Eq.  (3.4) by ~b'(t) and i n t e g r a t e  a long  F: 

w h e r e  

( (ar  ,q) )r--  (/rt'r162 )r, ( 3 . s )  

(% ~)r = .! ([r 
F 

The  f i r s t  t e r m  can  be t r a n s f o r m e d  as  fol lows:  

1 ~i . . . . . .  .-+- ~ (a'r r ( ( a r  ~ ' ) r  = Z y / t a r  ,V  ~r 

and to t r a n s f o r m  the second  t e r m  we use  the G a u s s - O s t r o g r a d s k y  f o r m u l a  

" - -  ~ (',~ @, M - t M  *- t  )' =v ~'/o. (Kr r = - - ( r  ! (r + ~ . . . . . .  

Subst i tu t ing  t he se  equat ions  into (3,8) and in t eg ra t ing  with r e s p e c t  to  t i m e ,  a f t e r  s o m e  t r a n s f o r m a t i o n s  
we a r r i v e  a t  the r e l a t i o n  

(a~', ~ ' ) r  -,'- ( M * - '  v- q), M *-~ ' cI)),q -- 
t 

= i (V  d), (M-~M*-i)  ' ~: ~).o, dt --.((a'~/, ~')r  dt -- 2(Z" cI), q)o. - -  
6' 0 

- -  2 (1), B V - t i l l * - 1  V -}- 2 ! ( T  r q').o dt -'- 
, / . q  6 

t ( j . V * . B '  dt. 
0 6 o. 

(3.9) 

n f in  a (~, t ) > 0  Le t  a =  ~er.~a[0.Ti, then,  obvious ly ,  (a r  ~b') F >- a 115,1120.r and (M* - iVY,  M * - t V  (I))a > ~IIV r s ince 
for  any v e c t o r  % IT I ~ 0, we have  (M* -1% M* -1T) >_ fl l~ 1 2, and the  lef t  s ide  of Eq. (3.9) h a s  a lower  bound: 

(a~', ~ ' ) r +  ( M  * -~  V r  M * -~  V ~)~.--> a ~' ,,2 

We e s t i m a t e  the r igh t  s ide  by us ing  the t r a c e  t h e o r e m  [10], a s  fol lows;  

t (I) ).~ dt i (TED, ( M - i M * - t ) ' ~  ~ c 0  [i l]L~.dt~clSf!#ll~+.rdt, 
0 

-- ~ ~')rdt .!" (a' ~', ~ co. ; ,!,',]~.r dt, 

[-- 2 (V q), q)~l < el ]L~ r .o. + ~lHVl]0,~, 
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i (I:), q~)~ dt ~ c a i 
12 ") 2 (V [[r r dt -: c~ []v[6,.q, 

V q ) , B  !/-~M*-~Vq~dt c~!i ~. q~i~.a~c; ii,~-,rdt, 

2 i (~' d), BV- 'M*- i  ~ * ) a d t  ~cs  l],;i~rdt, 
0 

�9 ,B'  V- iM * - i ~ d z }  dt ~ .I' f 
g o .n I o 

w h e r e  the c i > 0 denote d i f fe ren t  cons tan t s .  Summing  the r e su l t i ng  e s t i m a t e s  and se lec t ing  el, ~2 in such a 
way that  T = f l - ( e l  + csr > 0 (it is suff ic ient  to take ~2 = ~1/c6, el < fl/2), we obtain the inequal i ty  

t 

'I 2 r'l 2 7 I,V r + a l]*'l~2,r: ~. m + Clo ~ (]lkbii2,r ~-If* io,y) dt. 
0 

We add to each s ide  of the las t  inequal i ty  al]r with a r b i t r a r y  (r > 0 and, not ing that  

t 

II~blI~ ~ .III ap' (t)l!o,r dt, 
0 

with posi t ive  cons tan t s  ~, w, we f inal ly  obtain the inequali ty 

t 

(t)b.r + ]1r (t)ll+,r) ~ m -t- caa f (II~P (t)llo.r -l-t]r (t)~]~-.r) dt, 
0 

where  6 = min (~, r By us ing Gronwa l l ' s  l e m m a ,  we obtain f r o m  this the e s t ima te  of (3.7) with a cons tan t  
equal  to 

This  p roves  the a p r i o r i  e s t ima te .  

We define an a p p r o x i m a t e  solut ion ~b n of the p rob l em (3.4), (3.5) by m e a n s  of the equat ions  

~;,~ ( t )  = "~ c ~  (t)  w l ,  n = i ,  2 . . . .  

((a~p:,)', w~)r-~-(K(t)r Wj)r = (h(,n), wi), i 
~n (0) = r  (0) = 0, j I 

where  w., j = 1, 2 . . . . .  is a b a s i s  in WV2(F).  Then the unknown coef f ic ien ts  Cin (t) a r e  d e t e r m i n e d  f r o m  a 
s y s t e m  Jf  in tegrod i f fe ren t ia l  equat ions  of second  o rde r .  T h e r e f o r e ,  the a s s u m p t i o n  made  c o n c e r n i n g  the 
summab i l i t y  of (a ~ ) '  is  sa t i s f ied  for  the app rox ima t ions ,  and the e s t ima te  of  (3.7) holds  for  them.  Then 
we can prove  by a known method  that the l imi t  function is a solut ion of the p rob l em (3.4), (3.5) and is unique 
[111. 

To p r o v e t h e  l e m m a ,  we again use G a l e r k i n ' s  method.  We cont inue Z to~2 in such a way  that  the con-  
t inued function t will  be long to W~ (~2). We in t roduce  the new function �9 = @ - 1  ; then ~ F  = 0, and in the r e -  
gion f2 we obtain for  ~!, the p rob l e m  

- - d i v M - I M * - i V T - - - - d i v  q - ~ p q - B  V- iM*- iv1Fdt  ,Wlr==0, 
0 

(3.1o) 
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where 

t 

p = M - t M  * - t  ~] l -~  B ~ V - 1 M  * - i  V ~ d t .  d ~,= 
0 

We multiply Eq. (3.10) by ~" and integrate over $t: 

((/ )) (M *-t  ~ ~, M *-1 ~7 ~I')~ = ~, div b ~- B V-tM *-t ~7 ~'dt l~----p+q. 
f l '  (3o11) 

Obviously, 

(M* - t  ~H', M * - t •  ~F)a~ ~ 7  ~2]>/c111xi~i,Q ' 

and the left side can be est imated as follows: 

( ( )) 2 
0 Q 0 

Setting e 2 = et/c2, c 1 = c l /2 ,  we obtain the inequality 

| 

and from this it follows that ]I~(t~l~,i2 <- const when 0 ~ t <- T. 

Remarks .  1. F rom Eq. (3.4) it follows that 

~ L ([0, r]; (r)), 

f r o ~  this ([10], Theorem 3.1) it follows that $' is an a lmos t -everywhere  continuous function [0, T] - -  
W~2t/2(F); then it follows f rom (3.6) that ~ is a continuous function [0, T] -+ L 2 (r) .  Therefore ,  the equations 
in (3.6) are  meaningful. 

2. F rom the inequality (3.7) we can derive the s t ronger  asser t ion  

S E  L ~ ([0,rl; W~n(F)); ~ ' E  L~(i0,T); L*(r)). 

3. The existence and uniqueness theorem for the case in which the fundamental motion is potential 
motion was proved by the author in [9]. 

4. S T A B I L I T Y  

At the present  t ime we do not have any kind of general  approach to the study of the behavior of pe r -  
turbation as t - *  ~ of the problem (2.9)-(2.11), i.e., to the question of the stability of the fundamental solu- 
tion with respec t  to changes in the initial data. Therefore ,  every problem of this kind must  be considered 
individually. It should be noted that under the conditions of the stability problem, the est imate (3.7) be- 
comes  weaker as t increases  and yields no resul t  as t - *  oo since the constant in (3.7) becomes  infinite. The 
stability can be most  precise ly  charac te r ized  by the behavior as t --* ~ of the normal  component of the pe r -  
turbation vector 

R : X . n x ,  nx - -  normal to r ( t ) ,  

i.e., by the deviation of the free boundary f rom its unperturbed state. By Eq. (2.4), we have 
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R = X.n~ = X . ~  = M - ' X . n  IM,_iV~/~[ - \Kn] [ M * - i V ~ y I  (4.1) 

Now we a s s u m e  tha t  the  f u n d a m e n t a l  mo t ion  i s  a po t en t i a l  mo t ion .  As  h a s  a l r e a d y  been  r e m a r k e d ,  in 
t h i s  c a s e  the  m a t r i x  V c o i n c i d e s  wi th  the  m a t r i x  M and the  p r o b l e m  (2.9)-(2 .11)  b e c o m e s  s o m e w h a t  s i m p l e r .  
We have  

P. : div M-aM*~1(V(I )+v)=0 ;  (4.2) 

'~P$ cr~ 8p 
F : ~ t t  - -  ~ "~t - -  ~ n ' M - - ~ M * - - ~  (X7 ~ -if- v) = O; (4.3) 

t = 0 :  r  (4.4) 

H e r e  we c o n s i d e r  the  p r o b l e m  (4.2)-(4 .4)  in two s p e c i a l  c a s e s .  

E x a m p l e  1 (S t r e t ch ing  of  a S t r i p ) .  The  m a p p i n g  ~ ~ x,  c o r r e s p o n d i n g  to the  f u n d a m e n t a l  so lu t ion ,  
w i l l  be  t a k e n  in the  f o r m  

(4.5) x =  V-~--~' Y = l ] ( l - - k t ) ,  k = e o n s t .  

The  c o m p o n e n t s  of the  v e l o c i t i e s  and  the  p r e s s u r e  a r e  g iven  by  the f o r m u l a s  

k~ kz ky 
u = ~ = i - : . - K ;  v = - -  kTl  = t - -  k t ,  

k~ 
p = - 

The  i n t e r p r e t a t i o n  of t h i s  so lu t i on  is  the  fo l lowing:  the  r e g i o n  ~2 h a s  the  shape  of a r e c t a n g l e  (the 
"b lock" )  I~I -< ~0, on which  for  t = 0 we a r e  g iven  the v e l o c i t y  f i e ld  u 0 = k~ = kx,  v0 = - k ~  = - k y .  At  t i m e  
t = 0 the  l ine  ~? = 7r (the "punch")  sudden ly  b e g i n s  to move  in a t r a n s l a t i o n a l  f a sh ion  with  v e l o c i t y  w = - k l r ,  
and  the  l ine  ~ = 0 (the " b a s e " )  r e m a i n s  f ixed .  The  l i n e s  ]~I = ~0 f o r m  a f r e e  b o u n d a r y ,  and the  l i n e s  ~? = 0, 

= r f o r m  i m p e n e t r a b l e  w a l l s .  

Subs t i t u t ing  the  m a p p i n g s  (4.5) into Eqs .  (4 .2)- (4 .4) ,  we ob ta in  (v = u, v) 

r  i~[ <: ~o; (4.6) 

(~z'@~)~. + 2 ~z ~((I)r u) = 0, [ ~1 = ~-o; (4.7) 

0 = ~ = 0 ,  ( a = i - - k t ) ,  g = l .  (4.8) 

F r o m  (4.1) for  the  n o r m a l  c o m p o n e n t  we ob ta in  

R = X = ~ p c : ,  Y = c r  .(~b~q-v) da,  X = ( X , Y ) .  
1 

T h e  cond i t i on  tha t  the  w a l l s  a r e  i m p e n e t r a b l e  r e d u c e s  to the  cond i t ion  tha t  Y = 0 when ~? = 0, ~ = ~, o r  

6P~+v=O, ~1=0, a.  

(The c a s e  when c u r l  v = 0 was  i n v e s t i g a t e d  in [4, 5]). The  r e s t  of the  d i s c u s s i o n  is  the  s a m e  a s  in [5], and 
t h e r e f o r e  i t  w i l l  not  be g iven  h e r e .  We note  m e r e l y  tha t  the  equa t ion  for  the  a m p l i t u d e  of  R is i nhomogeneous .  
F o r  so lu t ions  which a r e  even with r e s p e c t  to ~, when the b lock  is  s t r e t c h e d ,  A m R  ~ t ~, and for  odd so lu t i ons  
A m R  ~ t ,  which m e a n s  i n s t a b i l i t y .  When the b l o c k  i s  c o m p r e s s e d  to a l ine ,  the  mo t ion  i s  s t a b l e .  

721 



If the perturbations a re  of potential type, then the motion is stable for solutions which are  even with 
r e spec t  to ~. 

Example 2. This problem, in the case of potential perturbat ions which take account of sur face- ten-  
sion forces  (and also without such forces) ,  was considered in [7]. We take the fundamental solution in the 
form 

* =  ( ~ ,  ~ n ,  ~r p =  -@(~3• ,o. + n*-",%), 

7-=t-b • • 

(4.9) 

The free boundary is the la teral  surface of a cylinder.  The cylinder is bounded by two impenetrable 
walls: the fixed wall [ = 0 and the movable wall [ = h, As t increases ,  when ~ > 0, the cylinder contrac ts  
to the axis x = y = 0, and when n < 0, it "swells" to infinity in a t ime t* = - 1 / ~ .  Substituting (4.9) into Eqs. 
(4.2)-(4.4), we obtain in the cylindrical  coordinates  ~ = p c o s  0, ~ = p sin 0, ~ = ~, (v = (uP, u 0, w)): 

(I) t t 1 = ( 1  i \ w  , 

- -  _ _  3 o I (73(1)v)v+ 3 p(bp----~-pu, p Po; (4.11) 
7 4 

(1) =dP~ =0, 7=I. (4.12) 

For  the normal  component of R we have 

(4.13) 

Setting 

(q~, wE, ue)=(A,],g) exp[i(n~-~0)], i=]/----T1, 

we obtain for the function A (p, 7) an inhomogeneous equation on F: 

d /"  
:~ (8,%) = ~ ~ (~P)lo=~0 ~ = nv -~:~ 

(4.14) 

Here Ik is the Besse l  function. Investigation of Eq. {4.14) shows that as 7 -'~ ~o, in the case of ax isymmetr ic  
perturbations (X = 0), the normal  component of R increases  beyond all bounds, whereas it is bounded for 
potential perturbations [7]. If 7 -* 0, the motion is stable, i.e., such perturbations are  damped out as we 
approach the walls [ = 0, [ = h. 

The above two examples show the destabilizing influence of nonpotential perturbat ions on the stability 

of the motion. 

In conclusion, the author wishes to thank V. V. Pukhnachev for his guidance and his constant interest  
in the preparat ion of this work. 
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